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Abstract  
The concept of intuitionistic fuzzy sets with parameters (IFSP) is first introduced in this paper. Based on membership 
function, non-membership function, and hesitancy function, this paper concentrates on the construction of 
intuitionistic fuzzy sets with double parameters (IFSDP). Finally, a multiple attribute decision making example 
applied to urban planning is given to demonstrate the application of IFSDP. The simulation results show that the 
IFSDP method is more comprehensive and flexible than the traditional intuitionistic fuzzy sets method. 
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1. Introduction
In 1986, Atanassov introduced membership function, non-membership function and hesitancy function,
and presented intuitionistic fuzzy sets (IFS). Hence, many scholars applied IFS to decision making 
analysis and pattern recognition widely. In the research field of IFS, Yager discussed the cut set 
characteristics of IFS in [3], Eulalia Szmidt and Janusz Kacprzykin applied it to medical diagnosis in [2], 
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Li Dengfeng and Li Yanhong applied it to pattern recognition in [4, 5], Xu Zeshui, Wei Guiwu, etc. 
applied it to decision-making analysis in [6, 7, 8, 9], and Lei Yingjie studied intuitionistic fuzzy reasoning 
in [10]. However, in the field of decision making, conventional IFS method does not consider the 
detachment of hesitancy. Thus, the simulation results may be defective. Based on this defect, we present 
an IFSP method and mainly probe into the construction and application of IFSDP.   
First, we propose a series of definitions and construction methods of the IFSP and focus on the model 
of IFSDP. Then, taking advantage of conventional membership function, IFSDP is applied to multiple 
attribute decision making on urban planning. The simulation results show that the result of the method 
introduced in this paper is more comprehensive and flexible than that of conventional IFS method. Hence, 
this paper can provide valuable conclusion for the field of application research of IFS, and the model of 
IFSP is also useful to intuitionistic fuzzy reasoning. This method also can be generalized to interval-
valued intuitionistic fuzzy sets as [11, 12, 13].  
2.  Construction of IFSDP 
Definition 1.  An IFS A in universe X is given by (Atanassov [1]): 
 
A = {< x, μA(x), νA(x) > |x  ∈ X}                                                                                                 (1) 
where μA : X → [0, 1],νA : X → [0, 1] with the condition 0≤μA(x) + νA(x) ≤1 for each x  ∈ X. The numbers 
μA(x), νA(x)  ∈ [0, 1] denote a degree of membership function and a degree of non-membership function 
of  x to A, respectively. For each IFS in X, we will call πA(x) = 1 − μA(x) − νA(x) the degree of hesitancy of  
x to A, 0≤πA(x) ≤1 for each x  ∈ X. 
Definition 2. Let X be a universe of discourse. An IFSDP A in X is an object having the form: 
* *{ , ( ), ( ) , }A AA x x x x Xμ ν= < > ∈  
Let * *( ) ( ) ( ), ( ) ( ) ( ),A A A A A Ax x x x x xμ μ α ν ν β= + = +  where μA(x), νA(x), and πA(x) are the same as 
definition1. And we have * *( ) ( ) ( ) ( ), ( ) 0, ( ) 0, ( ) ( ) 0,A A A A A A A Ax x x x x x x xα β π π α β π π+ = − ≥ ≥ ≥ ≥ and  
then * * * *( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 1A A A A A A A A A A Ax x x x x x x x x x xμ ν π μ ν α β π μ ν π+ + = + + + + = + + = . Thus, 
IFSDP is equivalent to IFS.  
Theorem1.  Let A be an IFSDP as mentioned above, then   
 
* * *( ) ( ) ( ) ( ) ( ) ( )A A A A A Ax x x x x xμ μ ν ν π π− + − = −                                                                             (2) 
 Based on definition2, we have formula (2). 
From definition 1, let all sample data be divided into three parts, μA(x) being firm support party of 
event A, νA(x) representing firm opposite party of event A, and πA(x) showing all absent party.  In absent 
party,  * ( )A xπ  is firm absent party, and *( ) ( )A Ax xπ π−  is convertible absent party, in which each 
sample may become one of support party and opposite party. If there is ( )A xα sample supporting event A 
and ( )A xβ sample opposing event A, then we have IFSDP as definition 2. If the proportion of absent 
party being converted to support party is 1( )A xλ  and that being converted to opposite party is 11 ( )A xλ− , 
the model will become intuitionistic fuzzy sets with single parameter, where  
* *
1 1( ) ( )( ( ) ( )), ( ) (1 ( ))( ( ) ( )).A A A A A A A Ax x x x x x x xα λ π π β λ π π= − = − −  
If firm absent party * 0( ) (1 ( )) ( ),A A Ax x xπ λ π= − then  * 0( ) ( ) ( ) ( ),A A A Ax x x xπ π λ π− =  we will 
get the other IFSDP definition as follows: 
Definition3. An IFSDP A in universe X is given by: * *{ , ( ), ( ) , }.A AA x x x x Xμ ν= < > ∈  Let                        
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* * *
0 1 0 1 0( ) ( ) ( ) ( ) ( ), ( ) ( ) ( )(1 ( )) ( ), ( ) (1 ( )) ( ),A A A A A A A A A A A A Ax x x x x x x x x x x x xμ μ λ λ π ν ν λ λ π π λ π= + = + − = −  
where 0 ( ) 1, 0,1,Ai x iλ≤ ≤ =  and  * * *( ), ( ), ( )A A Ax x xμ ν π  represent the degree of membership, the degree 
of non-membership and the degree of hesitancy of  x to A, respectively. Where μA(x), νA(x), and πA(x) are 
the same as definition1. 
It is clear that we will get the following conclusions: when 0 ( ) 0,A xλ =  IFSDP is IFS as definition 1; 
when 0 ( ) 1,A xλ =  IFSDP is fuzzy sets; when 00 ( ) 1,A xλ< <  and  1( ) 0A xλ =  or 1( ) 1,A xλ =  it is a 
severe skewness IFS; when 00 ( ) 1,A xλ< < and 1( ) 0.5,A xλ =  IFSDP is a compromising one. If 
( ) , 0,1,Ai ix iλ λ= = and  iλ  is constant, then IFSDP is an intuitionistic fuzzy sets with fixed double 
parameters, otherwise it is a variable model. 
3. Membership function 
According to Zadeh’s fuzzy sets theory and Atanassov’s IFS theory, the membership function is one of 
the conventional formulas applied to decision making. Thus, we will use the following membership 
formula with weights to make decisions. 
 
( ) ( )A A A
x X
S w x xμ
∈
= ∑                                                                                                                    (3) 
In this paper, we will apply the conventional degree of membership to multiple attribute decision 
making based on IFSDP, and the following measures will be used in simulation. 
 
* *( ) ( )A A A
x X
S w x xμ
∈
= ∑                                                                                                                    (4) 
Where * * *( ), ( ), ( )A A Ax x xμ ν π are defined as definition 3. And then we will get the following formula. 
 
0 1
* ( ) ( ) ( ) ( )( ( ) ( ))A A A A A A A
x X x X
S w x x x x w x xμ λ λ π
∈ ∈
= +∑ ∑                                                                        (5) 
4. Application to multiple attribute decision-making of urban planning 
In the following, we will apply the membership function above to multiple attribute decision making 
of urban planning based on IFS and IFSDP. We will illustrate the advantage of IFSDP by the following 
example from [6].  
A city is planning to build a municipal library. One of the problems facing the city development 
commissioner is to determine what kind of air-conditioning system should be installed in the library ([6]). 
The contractor offers five feasible alternatives Ai, (i=1, 2, 3, 4, 5), which might be adapted to the physical 
structure of the library. Suppose that three attributes C1(economic), C2(functional), and C3(operational) 
are taken into consideration in the installation problem, the weight vector of the attributes Cj (j=1,2,3) is 
w=(0.3,0.5,0.2)T. Assume that the characteristics of the alternatives Ai( i=1,2,3,4,5) are represented by the 
IFSs, shown as follows: 
A1 = {<C1, 0.2, 0.4>, <C2, 0.7, 0.1>, <C3, 0.6, 0.3>}, 
A2 = {<C1, 0.4, 0.2>, <C2, 0.5, 0.2>, <C3, 0.8, 0.1>}, 
A3 = {<C1, 0.5, 0.4>, <C2, 0.6, 0.2>, <C3, 0.9, 0>}, 
A4 = {<C1, 0.3, 0.5>, <C2, 0.8, 0.1>, <C3, 0.7, 0.2>}, 
A5 = {<C1, 0.8, 0.2>, <C2, 0.7, 0 >, <C3, 0.1, 0.6>}. 
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In [6], A3 is the unique optimal decision-making result calculated by four similarity measures. 
By formula (3), we calculate the following scores:
1
0.3 0.2 0.5 0.7 0.2 0.6 0.53,AS = × + × + × =  similarly, we 
also have 
2
0.3 0.4 0.5 0.5 0.2 0.8 0.53,AS = × + × + × =  3 40.63, 0.63,A AS S= =  and 5 0.61AS = . 
Thus, we have 3 4 5 1 2A A A A A= =f f , and A3 and A4 are both the optimal decision-making results, 
which are slightly different from the result in [6].  
According to definition 3, we will apply the membership function of IFSDP to multiple attribution 
decision making.  
Suppose that * * *
0 1 0 1 0( ) ( ) ( ) ( ) ( ), ( ) ( ) ( )(1 ( )) ( ), ( ) (1 ( )) ( )A A A A A A A A A A A A Ax x x x x x x x x x x x xμ μ λ λ π ν ν λ λ π π λ π= + = + − = − , 
and that 
0 1
* ( ) ( ) ( ) ( )( ( ) ( ))A A A A A A A
x X x X
S w x x x x w x xμ λ λ π
∈ ∈
= +∑ ∑ .  Then we have the following formulas: 
1 0 1
* 0.53 0.24 ( ) ( )A A AS x xλ λ= +                                                                                                      (6) 
 
2 0 1
* 0.53 0.29 ( ) ( )A A AS x xλ λ= +                                                                                                      (7) 
 
3 0 1
* 0.63 0.15 ( ) ( )A A AS x xλ λ= +                                                                                                      (8) 
 
4 0 1
* 0.63 0.13 ( ) ( )A A AS x xλ λ= +                                                                                                      (9) 
 
5 0 1
* 0.61 0.21 ( ) ( )A A AS x xλ λ= +                                                                                                      (10) 
Obviously, from the formulas (6, 7, 8, 9, 10) above, we have 3 4 2 1,A A A Af f .We describe the three-
dimensional space figure according to the formulas (6, 7, 8, 9, 10), where we note λ0=λA0(x),   λ1=λA1(x).  
           
Fig. 1. (a)Three-dimensional figure (S*, λA0(x),  λA1(x)); (b) Rotated Three-dimensional figure (S*, λA0(x),  λA1(x)) 
 
From figure 1(a) and figure 1(b), A3 is the optimal decision in most cases only except the right upper 
corner, where λA0(x) →1 and λA1(x)→1. According to definition 3, λA0 (x) →1 indicates that the proportion 
of the absent party being converted into another party is high, and λA1(x) →1 indicates that the proportion 
of the convertible absent party being converted into support party is high. Thus, we know that when the 
majority of absent party can be converted and most of them are converted into support party, A5 is the 
optimal decision. Based on the definitions of A5 and A3, A5 = {<C1, 0.8, 0.2>, <C2, 0.7, 0>, <C3, 0.1, 0.6>}, 
and A3 = {<C1, 0.5, 0.4>, <C2, 0.6, 0.2>, <C3, 0.9, 0>}. There is much difference between A5 and A3. We 
have A5> A3 for attribute C1 and attribute C2, while A5 < A3 for attribute C3. The hesitancy degree of A5 is 
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bigger than that of A3 for all the attributes, thus, A5 is impacted by the extreme variation of absent party in 
decision-making and is less stable. Then we have: when most of the absent party is converted into support 
party, A5 >A3, otherwise, A3 >A5. Furthermore, for each attribute, the degree of membership for A3 is more 
than 0.5, while the degree of membership on C3(operational) for A5 is only 0.1. Thus, it is clear that A3 is 
more stable than A5, and we can draw a conclusion that A3 should be the optimal decision in the actual 
decision-making. 
From figure 2(a) and figure 2(b), the known conditions are λA1(x) =0.5 and λA1(x) =1, respectively. 
λA1(x) =0.5 means that half of the convertible absent party is converted into support party, and the other is 
converted into opposition party. λA1(x) =1 means that all the convertible absent party are converted into 
support party. From figure 2(a), we have the following results: 
If λA0(x) <0.5,  3 4 5 2 1,A A A A Af f f f  If 0.5<λA0(x) <0.667,  3 5 4 2 1;A A A A Af f f f   
If λA0(x) >0.667, 5 3 4 2 1A A A A Af f f f . And these results are the same as Xu’s ([6]). 
Compared with the results above, when λA1(x) =0.5, A3 is the optimal decision for λA0(x) ≤0.667 and 
A5 is the optimal decision for λA0(x) ≥0.667. Similarly, we can also study the variation of Ak with λA1 (x) 
when λA0 (x) is known. If λA0(x) =0 (or λA1(x) =0), then IFSDP is equivalent to IFS, and then we have  
* * *( ) ( ), ( ) ( ), ( ) ( )A A A A A Ax x x x x xμ μ ν ν π π= = = , which means that the result of the left coordinate axis in 
figure 2(a) is the result calculated by IFS. Obviously, figure 2(b) is the same as figure 2(a). Similarly, the 
results of the left plane in figure 1(a) and figure 1(b) are also the results calculated by IFS.  
 
 Fig. 2. (a) Section figure of λA0(x) when λA1(x) =0.5; (b) Section figure of λA0(x) when λA1(x) =1 
 
In [6], professor Xu applied four kinds of similarity measures to make decisions. In this paper, we use 
only conventional membership function to make decisions, and the results are the same as Xu’s. 
Furthermore, by analyzing the variation of the indeterminacy degree, we reveal a potential decision 
making result A5 and the reason for selecting A5. Because it is the first time for us to explore the 
application of IFSP to multiple attribute decision making, we assume that λA0(x) is the same value for 
each attribute, and that λA1(x) is similar to λA0(x).  In practical decision-making, since the proportion of the 
convertible absent party may be different for all the attributes, researchers can set more parameters to 
meet the needs of actual problem in reality. In this paper, we use only the membership function to make 
decision. Similarly, we can also apply another classic similarity measure of IFSDP to multiple attribute 
decision making of urban planning.  
The experiment results above show that there is much difference between multiple attribute decision 
making results of IFSDP and that of IFS. Conventional IFS method is simple, but its decision making 
results are fixed when it is calculated by conventional membership function. Thus, it is difficult to reveal 
the potential law from all the available information when using the IFS method. And the results of the 
IFSDP method are variable, which can be adjusted to possible results with the variation of the parameters.  
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Furthermore, for supervised models, if the fixed decision making results of IFS are different from the 
results of the practical data and the actual decisions, the IFS method will fall into fail. However, when 
using the IFSDP method, we can meet the needs of the practical data and the actual decision by adjusting 
the parameters to appropriate values. All the results above show that the IFSDP method is more 
comprehensive and flexible than the IFS method when it is applied to decision making of urban planning.  
5. Concluding remarks 
We propose a novel intuitionistic fuzzy sets model with parameters, which not only considers 
membership and non-membership, but also considers the detachment of hesitancy. And then, we apply it 
to multiple attribute decision making on urban planning taking advantage of conventional membership 
function. The simulation results show that the IFSDP method is more effective than the IFS method.    
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